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Abstract
We get the same degeneracy relation between w0 and wa for the tachyon fields as for quintessence
and phantom fields. Our results show that the dynamics of scalar fields with different origins
becomes indistinguishable when the equation of state parameter w does not deviate too far away
from -1, and the time variation w′ satisfies the same bound for the same class of models. For the
tachyon fields, a limit on w′ exists due to the Hubble damping and we derived the generic bounds
on w′ for different classes of models. We may distinguish different models in the phase plane of
w−w′. The current constraints on w and w′ are consistent with all classes of models. We need to
improve the constraint on w′ by 50% to distinguish different models.
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I. INTRODUCTION
To explain the cosmic acceleration found by the observations of type Ia supernovae (SNe
Ia) in 1998 [1–3], we usually introduce dark energy with negative pressure which consists
about 70% of the total energy density in the universe. The cosmological constant with
the constant equation of state w = −1 is the simplest candidate of dark energy and it is
consistent with current observational data, but its value is too small compared with that
estimated from the vacuum energy of quantum field theory. Dynamical fields with scalar field
such as quintessence [4–8], phantom [9], tachyon [10–12] and k-essence [13] were proposed
for dark energy.
The scalar field rolls down a very shallow potential, so its equation of state w will approach
−1 and it dominates the universe only recently. According to its evolution, the scalar field
was classified to several categories. If the scalar field stuck in a local minimum and starts
to roll down to the true minimum until recently, the dark energy models are called thawing
models [14]. For thawing models, w starts with the value -1 at early times and then deviates
from -1 at the present time. If the scalar field already rolls down its potential minimum before
the onset of acceleration and it slows down as it comes to dominate the universe, the models
are called freezing models [14]. For the freezing models, w is different from -1 at early times
and approaches -1 at the present time. If w > −1 initially and w decreases as the scalar field
rolls down its potential, the models are called cooling models [15]. For the tracking models,
the equation of state w tracks below the background equation of state for a wide range of
initial conditions, the tracker fields become dominate only recently and then it slows to crawl
with w → −1 as Ωφ → 1 asymptotically. Both the freezing and tracking models are special
cases of cooling models. Due to the Hubble damping and the shallow potential, the variation
of w is bounded [14–21]. For the thawing quintessence models, the bound was derived as
1 + w < w′ < 3(1 + w) [14], where w′ = dw/d lna. For the freezing quintessence models,
the bound is given as 3w(1 + w) < w′ <∼ 0.2w(1 + w) [14]. For the tracker quintessence
models, a lower bound −(1 − w)(1 + w) < w′ was given in [16]. Chiba derived a tighter
bound w′ > 3w(1−w2)/(1− 2w) for the tracker quintessence, w′ < 3w(1−w2)/(1− 2w) for
the tracker phantom and w′ > 3w(c2s−w)(1+w)/(1−2w) for the tracker k-essence [17, 18].
For the tachyon field, the bound was derived as −0.8(1 + w) < w′ < 3(1 + w) [19].
Since the scalar field does not change much for most cases, the dynamics of the potential
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may be approximated by the linear expansion of κ(φ) = −3Hφ˙/V (φ) as κ(φ) = κ0+κ1(φ−
φ0) [22]. Furthermore, for nearly flat potentials, a general approximate relation between
w and Ωφ was found [19, 23–26]. The existence of a relation between w and Ωφ was first
pointed out for tracker field models in [7]. Because of the relation, if we take the zeroth
order approximation for Ωφ, then we get approximate w(a). Efstathiou approximated w(z)
as w(z) = w0 − α ln(1 + z) in the redshift range z <∼ 4 [27], and the approximation was
later generalized as the so called Chevallier-Polarski-Linder (CPL) parametrization with
w(a) = w0+wa(1−a) [28, 29]. Applying the generic relation between w and Ωφ to the CPL
parametrization, analytical degenerated relations between w0 and wa were derived in [30, 31]
and the two-parameter model reduced to one-parameter SSLCPL model. In this paper, we
discuss the approximate relation between w and Ωφ and the limits on w
′ for tachyon fields.
In section II, we review the dynamics of tachyon fields. General bounds along with the
bounds for both the thawing and freezing models were derived in section III. In section IV,
we derive the tighter bounds for tracker fields. Conclusions are drawn in section V.
II. DYNAMICS OF TACHYON DARK ENERGY
We start with the Dirac-Born-Infeld type of action for the tachyon field [10, 11]
S =
∫
−V (φ)√1− ǫ∂µφ∂µφ√−gd4x, (1)
where ǫ = ±1, and the negative sign corresponds to the phantom type tachyon fields phe-
nomenologically. If we take the Friedman-Robertson-Walker metric, then the pressure and
energy density of the tachyon field φ are given by
pt =
V (φ)√
1− ǫφ˙2
, (2)
ρt = −V (φ)
√
1− ǫφ˙2. (3)
The equation of state for the tachyon field is
w =
pt
ρt
= ǫφ˙2 − 1. (4)
So w < −1 when ǫ = −1 and w > −1 when ǫ = 1. For convenience, we introduce the
parameter γt = 1+w = ǫφ˙
2 for the tachyon field φ. The equation of motion for the tachyon
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field is
φ¨+ 3Hφ˙(1− ǫφ˙2) + ǫV
′
V
(1− ǫφ˙2) = 0, (5)
where V ′ = dV/dφ. The Hubble parameter H satisfies the Friedmann equations:
H2 =
1
3
(ρB + ρφ), (6)
H˙
H2
=
3
2
[Ωφ(γB − γt)− γB], (7)
where ρB is the energy density of matter with constant equation of state wB, γB = 1 + wB,
Ωφ = ρφ/(3H
2), ΩB = ρB/(3H
2), and we use the unit 8πG = 1. For dust, wB = 0 and
γB = 1.
By using the following dimensionless variables:
x = φ˙, y =
√
V (φ)√
3H
, λt = − 1
V 3/2
dV
dφ
, Γ = V
d2V
dφ2
/
(
dV
dφ
)2
, (8)
the evolution equations can be written as [19, 32]
x′ = −(1− ǫx2)(3x−
√
3ǫλty), (9)
y′ =
y
2
[−
√
3λtxy − 3(γB − ǫx
2)y2√
1− ǫx2 + 3γB], (10)
λ′t = −
√
3λ2txy(Γ−
3
2
), (11)
where prime denotes the derivative with respect to ln a. In terms of the variables x and y,
we have
Ωφ =
y2√
1− ǫx2 , γt = ǫφ˙
2 = ǫx2. (12)
With the fractional energy density Ωφ and the equation of state parameter γt, the au-
tonomous Eqs. (9), (10) and (11) can be expressed as
γ′t = −6γt(1− γt)± 2λt
√
3ǫγtΩφ(1− γt)5/4, (13)
Ω′φ = 3(γB − γt)Ωφ(1− Ωφ), (14)
λ′t = −
√
3ǫγtΩφλ
2
t (1− γt)1/4(Γ−
3
2
), (15)
where the positive sign corresponds to φ˙ > 0 and the negative sign corresponds to φ˙ < 0.
As will be discussed below, we can always take the positive sign without loss of generality.
Combining the first two Eqs. (13) and (14), we get
dγt
dΩφ
=
−6γt(1− γt) + 2
√
3ǫγtΩφλt(1− γt)5/4
3(γB − γt)Ωφ(1− Ωφ) . (16)
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Since we are interested in the dynamics which is close to a cosmological constant, so γt ≪ 1
and the potential changes very slowly with a nearly constant slope λt ≈ λ0. With these
approximations, and take dust γB = 1, we get
dγt
dΩφ
=
−6γt + 2λ0
√
3ǫγtΩφ
3Ωφ(1− Ωφ) . (17)
The above equation obtained for the tachyon fields is the same as that obtained for the
quintessence and phantom fields. This shows that the dynamics is quite generic for gen-
eral scalar fields, so it is hard to distinguish different dynamics that caused the cosmic
acceleration. The solution to the above Eq. (17) for general thawing models is [19, 23, 24]
γt =
1
3
ǫλ20
[
1√
Ωφ
−
(
1
Ωφ
− 1
)
tanh−1(
√
Ωφ)
]2
, (18)
and
λ20 = 3ǫγt0
[
1√
Ωφ0
− (Ω−1φ0 − 1) tanh−1
√
Ωφ0
]−2
. (19)
Substituting the solution to Eq. (14) with the approximation γt ≪ 1,
Ωφ(a) ≈ [1 + (Ω−1φ0 − 1)a−3]−1, (20)
into Eq. (18), we get the evolution of the equation of state parameter γt(a) for the tachyon
dark energy. If we take further approximation, i.e., we take Taylor expansion of Ωφ around
a = 1 from Eq. (20), we get
Ωφ(a) ≈ Ωφ0 + 3Ωφ0(1− Ωφ0)w0(1− a). (21)
Using Eqs. (18), (19) and (21), we get the SSLCPL parametrization w(a) = w0 +wa(1− a)
with [30, 31]
wa = −6w0(1 + w0)
(Ω−1φ0 − 1)[
√
Ωφ0 − tanh−1(
√
Ωφ0)]
Ω
−1/2
φ0 − (Ω−1φ0 − 1) tanh−1(
√
Ωφ0)
. (22)
We see that the degeneracy relation (22) among w0, wa and Ωφ0 is quite general, it holds
for both canonical and tachyon scalar fields with w ≤ −1 and w ≥ −1.
III. GENERAL BOUND ON w′
For w ≥ −1, the scalar field rolls down the potential, dV/dt = (dV/dφ)φ˙ < 0, so φ˙ and λt
have the same sign. Therefore, the second term on the right hand side of Eq. (13) is always
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positive, and we can take the positive sign only. Therefore, γ′t > −6γt(1− γt). For w ≥ −1,
one has a lower bound on w′ as
w′ > 6w(1 + w). (23)
For the phantom case w < −1, dV/dt = (dV/dφ)φ˙ > 0, so φ˙ and λt have the opposite sign,
and the second term on the right hand side of Eq. (13) is always negative. Therefore, for
w < −1, one gets an upper bound
w′ < 6w(1 + w). (24)
On the other hand, the equation of motion for the tachyon field gives
w′ = 2(1 + w)
φ¨
Hφ˙
. (25)
The scalar field does not change much during the matter domination and starts to change
when it becomes dominant, so the acceleration of the scalar field is limited by the Hubble
damping as
|φ¨| <∼
|φ˙|
t
=
3
2
H|φ˙|. (26)
For the thawing model, we have φ¨ < 3Hφ˙/2. For the freezing model, we have φ¨ > −3Hφ˙/2.
Therefore, we have more stringent bound for some special cases. For the thawing model
with w > −1, we have
3(1 + w) > w′ > 0. (27)
In [19], the authors derived the bound −0.8(1 + w) < w′ < 3(1 + w) for thawing tachyon
field. However, for thawing field, w′ > 0, so the lower bound should be w′ > 0. The thawing
solution (22) for wa gives 3w0(1 + w0) < wa < 0. Since w
′ = −wa, so the bound on w′
becomes 0 < w′ < −3w0(1 + w0) < 3(1 + w0) which is consistent with the bound (27).
For the thawing model with w < −1, we have
0 > w′ > 3(1 + w). (28)
The thawing solution (22) gives 3w0(1 + w0) > wa > 0 which leads to the bound 0 > w
′ >
−3w0(1+w0) > 3(1+w0). Therefore the thawing solution (22) is consistent with the bound
(28).
For the freezing model with w > −1, we have
− 3(1 + w) < w′ < 0. (29)
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Since we are interested in the region when w is not far away from -1, w < −1/2, so −3(1 +
w) > 6w(1 + w) and this lower bound −3(1 + w) is more restrictive compared with the
general bound (23). For some cases, the model may stuck in the point with w = 0 initially,
then w decreases to −1 very fast and the lower bound (29) can be violated, but the general
bound (23) is still satisfied.
For the freezing model with w < −1, we have
− 3(1 + w) > w′ > 0. (30)
Because −3(1+w) < 6w(1+w), so this upper bound −3(1+w) is more restrictive compared
with the general bound (24).
IV. BOUNDS ON w′ FOR TRACKER FIELDS
Similar to the quintessence and phantom cases, we derive the “tracker equation” [8, 33]
for the tachyon field first. Combining Eqs. (13), (14) and (15), we obtain
Γ− 3
2
= −(1− γt)[2γ
′′
t + 3(2− γt)γ′t]
[γ′t + 6γt(1− γt)]2
+
(1− 7
2
γt)γ
′2
t
γt[γ′t + 6γt(1− γt)]2
+
3(1− γt)(γB − γt)(1− Ωφ)
γ′t + 6γt(1− γt)
.
(31)
The “tracker equation” (31) is independent of ǫ, so it holds for both the phantom and
non-phantom cases. To simplify the above “tracker equation”, we introduce the variable X
as
X = ln
[
γt
ǫ(1− γt)
]
= ln
(
1 + w
−ǫw
)
. (32)
So
X ′ =
γ′t
γt(1− γt) = −
w′
w(1 + w)
. (33)
Using the variable X , the “tracker equation” (31) becomes
Γ− 3
2
= − 2X
′′
(1 + w)(6 +X ′)2
− (1− w)X
′
2(1 + w)(6 +X ′)
+
3(wB − w)(1− Ωφ)
(1 + w)(6 +X ′)
. (34)
For the tracker solution, initially Ωφ is negligible and w is almost a constant. As the
scalar field becomes dominant, w decreases and approaches toward -1 asymptotically, so it
belongs to the class of freezing models. However, because of the w − Ωφ relation [7] for the
tracker solution and Ωφ0 ∼ 0.7, w0 is different from −1 which makes the tracking model
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distinguishable from ΛCDM model. By taking X ′′ = X ′ = 0 and Ωφ = 0 in Eq. (34), we get
w =
wB − 2(Γ− 32)
1 + 2(Γ− 3
2
)
. (35)
For the dust wB = 0, we get the track solution
wtrk = −2
(Γ− 3
2
)
1 + 2(Γ− 3
2
)
. (36)
So the nearly constant Γ = 3/2 − wtrk/2(1 + wtrk), Γ > 3/2 for w > −1 and Γ < 1 for
w < −1. Since X ′ will stop decreasing and then increases toward zero, it has a minimum.
To find the minimum, we set X ′′ = 0 in Eq. (34), then we get
X ′m = −6
w(1− Ωφ) + 2(1 + w)(Γ− 32)
(1− w) + 2(1 + w)(Γ− 3
2
)
. (37)
Note that Ωφ < 1 and w < 0, a lower bound on X
′
m is
X ′m > −
12(1 + w)(Γ− 3
2
)
(1 − w) + 2(1 + w)(Γ− 3
2
)
. (38)
Because the right hand side of Eq. (38) is an decreasing function of w, and w decreases from
the tracker solution (36), so we get a lower bound on X ′m by replacing w with wtrk,
X ′m >
6wtrk
1− 2wtrk >
6w
1− 2w. (39)
In the last inequality, we notice that the function 6w/(1−2w) decreases as w decreases. For
the case of w > −1, we get a lower bound on w′,
w′ > − 6w
2
1− 2w (1 + w) =
3w
1− 2w (1 + w)(c
2
s − w), (40)
where the sound speed of the tachyon field c2s = −w. The bound was also derived for general
tracker K-essence with w > −1 in [17]. Since 3w/(1− 2w) > −1, so the lower bound can be
also written as
w′ > 2w(1 + w). (41)
The lower bound 2w(1 +w) > −3(1 +w) is more stringent than the bound (29) for general
freezing model with w > −1.
For w < −1, we get an upper bound
w′ < − 6w
2
1 − 2w (1 + w). (42)
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Again for the case that w is not far away from -1, this upper bound is more restrictive
than the bound (30) for general freezing model with w < −1. The general bounds (23) and
(24), the thawing bounds (27) and (28), the freezing bounds (29) and (30), and the tracker
bounds (40) and (42) are shown in Fig. 1. We also numerically solve Eqs. (13)-(15) for the
potential V (φ) = φn to show explicitly that those bounds are satisfied.
6wH1+wL
3H1+wL
-3H1+wL
-
6 w2
1-2 w
H1+wL
-1.4 -1.3 -1.2 -1.1 -1.0 -0.9 -0.8 -0.7 -0.6
-2
-1
0
1
2
w
w
,
FIG. 1. The bounds on w′ for different models. We also plot the trajectories of different models
with the potential V (φ) = φn by numerically solving Eqs. (13)-(15), here n can be either positive or
negative. The cyan line corresponds to the general bound, the red lines correspond to the thawing
models, the magenta lines correspond to the freezing models, and the blue lines correspond to the
tracking models.
To see whether it is possible to distinguish different dynamical models from the above
bounds we derived, we use the observational constraints on the flat CPL model [34]. For
CPL parametrization, w′(a = 1) = −wa. In Fig. 2, we show the marginalized 1σ and 2σ
contours of w0 and wa from the combined SNLS3 SNe Ia, Planck, BAO and H(z) data [34].
We also plot the bounds (23), (24), (27), (28), (29), (30), (40) and (42) in Fig. 2. Most
of the contours are inside the general bounds (23) and (24), but only a small part of the
contours satisfy the bounds (27), (29) and (40) for w > −1. The observational constraints
slightly favor wa < 0 or w
′ > 0 when w > −1, so the thawing model is slightly favored.
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−2
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FIG. 2. The marginalized 1σ and 2σ contours of w0 and wa of the flat CPLmodel from observational
data [34]. We also show the bounds we derived.
V. CONCLUSIONS
The generic relation (18) between w and Ωφ holds for the qintessence, phantom and
tachyon thawing fields. Based on the generic relation, we derived the SSLCPL model with
analytic relation (22) for w0 and wa in the context of tachyon field. The same SSLCPL
parametrization holds for thawing quintessence, phantom, tachyons with w > −1 and w <
−1 no matter what the form the potential takes. This shows that the dynamics of scalar
fields become indistinguishable when w does not deviate too far away from -1, and makes
the models less distinguishable from ΛCDM model. For the tachyon fields, we also derived
the general bounds (23) and (24), the bounds (27) and (28) for the thawing models, and the
bounds (29) and (30) for the freezing models. Starting from the “tracker equation” (34) we
derived for tachyon fields, tighter bounds (40) and (42) were given for the tracking models.
The typical bound on w′ is ∼ w(1 +w) and the tightest bound is around 2w(1 +w) for the
tracker fields. If w is measured to be −1 within 20% error, then we require δw′ ∼ 0.4 to
detect tracking models. The current observational constraints on the flat CPL model are
w0 = −1.10+0.17−0.10 and wa = 0.08+0.32−0.76 [34]. so w0 is constrained to be w0 > −1 by 10% and
w0 < −1 by 20%, but the uncertainties on wa are δwa ∼ 0.4 and δwa ∼ −0.7. Therefore, the
current data cannot distinguish different classes of models. We need the data to constrain
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wa with the error bar better than |δwa| ∼ 0.4, i.e., we need to improve the constraint on wa
by up to 50%.
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